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a  b  s  t  r  a  c  t

The  microstructural  morphology  of  solid  oxide  fuel  cell  electrodes  has  been  noted  to  impact  elec-
trode  performance,  particularly  with  respect  to charge  transfer.  Drawing  on thermal  fin  analysis,  an
analytical  modeling  concept  has  been  applied  to  charge  transport  within  the  SOFC  electrode  microstruc-
ture.  This  approach  has  the  ability  to account  for variable  cross-section  solid  geometry  and  replicates
experimentally  observed  behavior  related  to SOFC  electrode  sintering  quality.  Microstructural  geome-
tries simulated  by  periodic  structures  composed  of iterated  base  units  with  variable  cross-section  are
investigated  using  two  approaches:  an  axisymmetric  one-dimensional  analytical  model  and  an  axisym-
metric  two-dimensional  finite  element  model.  The  one-dimensional  analytical  approach  can  account
eterogeneous functional materials
ransport phenomena
lectrode microstructure

for  the  role  of  microstructural  geometry  without  space  charge  effects  that  arise  at  particle  contacts
within  the  microstructure.  The  finite  element  model  has  been  developed  to  enable  consideration  of  the
effects  of  two-dimensional  transport  and  space  charge  regions  near  particle  contact  points.  This more
detailed  model  is  used  to benchmark  the  one-dimensional  axisymmetric  approach.  Comparison  of  the
one-dimensional  and  two-dimensional  results  demonstrates  the  predictive  capabilities  of  the  simplified
approach.

© 2012 Elsevier B.V. All rights reserved.
. Introduction

Solid oxide fuel cell (SOFC) electrodes are composite systems
ontaining phases that fulfill multiple transport roles, with solid
hases supporting charge (ion and electron) transport and an open
ore phase supporting transport of gaseous products and reac-
ants. The electrochemical reactions within SOFC electrodes are
upported in part by ionic transport in the solid ion conducting
hase extending from the electrolyte layer that separates the anode
nd cathode. The morphology and interparticle contact geometry
f this phase can directly impact cell performance, particularly with
espect to cell polarization losses [1–7].

Electrochemistry and charge transport in SOFC electrode
icrostructures have been explored using extended surface (fin)
odels, with existing models applying charge transport equa-

ions that are similar to the governing equation for a constant
ross-section thermal fin [3,5,6,8–11].  Initial explorations of SOFC

erformance using fin equations were performed using a thin
lm approach adapted from models of electrode operation in liq-
id electrolyte fuel cells [1,2]. Treating the electrolyte phase as a

∗ Corresponding author. Tel.: +1 860 486 3647; fax: +1 860 486 5088.
E-mail address: wchiu@engr.uconn.edu (W.K.S. Chiu).

378-7753/$ – see front matter ©  2012 Elsevier B.V. All rights reserved.
oi:10.1016/j.jpowsour.2012.01.009
thin film lining the pores of the electrode, Kenjo et al. demon-
strated electrode types for which the thin film model is insufficient,
limits for polarization resistance based on electrode thickness,
and the benefits of increased electrode thickness with respect to
reducing polarization resistance. This model was fit to experimen-
tal data using a lumped transport parameter that accounted for
charge transfer resistance, ohmic resistance, and microstructural
geometry. It was  found that electrodes composed of less sinter-
able materials demonstrated poorer performance, with reduced
performance being linked to point contacts between particles
and reduced connectivity within the electrode microstructure [1].
Improved performance was  seen in electrodes with well-connected
LaMnO3 particle clusters achieved using higher sintering temper-
atures [2].  These results suggest that sintering and particle contact
can significantly influence electrode performance.

The thin film approach has been further modified in later
electrode charge transport models, with emphasis placed on the
analysis of solid phase charge transport [3–6,8–11]. Treating the
electrocatalyst as a thin film coating the electrolyte, Tanner et al. [8]
investigated ionic transport in a constant cross-section extended

surface of electrolyte material. This model incorporated the elec-
trode porosity and the thickness of the electrode and electrolyte
regions and demonstrated the benefits of thicker electrodes in
terms of reducing effective charge transfer resistance. Costamagna

dx.doi.org/10.1016/j.jpowsour.2012.01.009
http://www.sciencedirect.com/science/journal/03787753
http://www.elsevier.com/locate/jpowsour
mailto:wchiu@engr.uconn.edu
dx.doi.org/10.1016/j.jpowsour.2012.01.009
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Nomenclature

A area, m2

Af total fin surface area, m2

a slope of variable cross-section fin profile
i current, A
L length of fin segment, m
Lf total fin length or electrode thickness, m
Rct charge transfer resistance, �-m2

r fin radius, m
V voltage, V
x spatial coordinate for fin geometry, m

Greek
�f fin efficiency
� conductivity, S m−1

ϕ potential difference, V

Subscripts
b quantity evaluated at fin base
c quantity related to fin cross-section
eff effective
io ionic
s quantity related to fin surface
t  quantity evaluated at fin tip
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t al. [3,4] formulated and solved an ordinary differential equa-
ion comparable to the fin equation that described overpotential
n an electrode composed of packed spheres, accounting for the
onic and electronic phases. The effects of bulk electrode thick-
ess and composition in relation to percolation thresholds and
article sizes were considered. In addition to the work of Costa-
agna et al. [3,4], several models have applied percolation theory

o study the impact of microstructure on SOFC transport phenom-
na [5,6,9–14]. Such models typically require either the application
f effective conductivities [9,10,12] or the numerical solution of
andom resistance networks [5,6,13,14].  More detailed interparti-
le contact geometry has been addressed by Zhao and Virkar [7]
hrough the development of analytical expressions for the resis-
ivity of porous electrodes. It was found that porous electrode
esistivity decreased as sintering temperatures and times were
ncreased. This performance improvement was  shown to be the
esult of broader interparticle necks formed at higher temperatures
nd longer treatment times, which were observed in scanning elec-
ron microscope images. A key factor in the analytical expression
hat described the resistivity for these electrodes was the inter-
article contact radius. In addition to addressing contact geometry
hese expressions account for the role of space charge resistance at
article boundaries. It was found that these space charge regions
an influence electrode performance at lower temperatures or
or electrodes composed of smaller particles (grain size less than

 �m).
The extended surface electrode models above primarily address

harge transport across the thickness of the electrode. One excep-
ion is the work of Tanner et al. [8],  who applied a two-dimensional
nite difference solution to extended electrolyte structures. Devi-
tion from one-dimensional predictions was seen for low charge
ransfer resistances. Similarly, Fleig and Maier [15] used finite ele-

ent analysis to simulate transport in the SOFC cathode with

terated structures resembling pin fins. Regimes based on charge
ransfer resistance were used to define the behavior of polarization
esistance and demonstrate the impact of surface morphology on
erformance.
 Sources 205 (2012) 48– 56 49

A one-dimensional model for charge transport in SOFC elec-
trodes that accounts for variable cross-section microstructure
has been developed by the authors as a screening tool for
more deterministically designed SOFC microstructures [16]. Based
on a variable cross-section fin equation, this approach repli-
cates experimentally observed electrode performance, including
microstructural effects associated with sintering. In the present
work this analytical electrochemical fin approach is compared to a
two-dimensional finite element model in an effort to further estab-
lish predictive limits of the electrochemical fin approach. In most
cases the simplified electrochemical fin approach provides an accu-
rate assessment of electrode performance. In cases with reduced
accuracy the one-dimensional approach predicts higher perfor-
mance. This observation suggests that, when applied as a basic
screening tool, the electrochemical fin approach will not produce
false negative predictions of electrode performance.

2. Methodology

2.1. Analytical model

The analytical model presented is developed for an extended
surface of ion conducting material, which is used to simulate con-
nected chains of ion conducting particles that are in contact with
the bulk electrolyte, illustrated in Fig. 1a. These ion conducting
structures extend electrochemical activity into the electrode, away
from the interface of the composite electrode and the bulk elec-
trolyte. Thus the extended surface approach presented primarily
addresses transport in the active layer of the electrode, although
analyzing structures with greater lengths allows for investigation
of the scale of active regions for a given microstructural geometry.
Ionic transport in the electrochemically active, extended surfaces
can be described using a governing equation analogous to the ther-
mal  fin equation. Therefore, the modeling approach developed is
referred to as an electrochemical fin approach. More detailed dis-
cussion of the electrochemical fin concept and its development can
be found in [16]. In this paper, periodic structures comparable to
pin-fins, Fig. 1b, are considered. Extension of this approach to more
complex network structures will be addressed in future work.

Several simplifying assumptions were applied in developing
the electrochemical fin approach. The impacts of these assump-
tions upon the assessment of electrode quality that is made using
the electrochemical fin approach are considered in the present
work. Ionic transport is represented by a cross-sectional average
potential that varies across the electrode thickness. Linear charge
transfer kinetics are applied in the form of a single charge trans-
fer resistance parameter, and charge transport is assumed to be
ionic with constant potential assumed in the electronic conduct-
ing phase. Finally, space charge effects near grain boundaries are
neglected in the electrochemical fin approach. These effects arise
from variations in point defect concentrations associated with the
establishment of thermodynamic equilibrium between the bulk
of the ion conducting particle and the grain boundary [17,18].  In
SOFCs, the electrolyte phase of the porous composite electrodes
and the dense ion conducting ceramic electrolytes enable oxygen
anion transport. Within these materials, oxygen vacancies are the
primary point defect of interest. The depletion of oxygen vacan-
cies near particle contact points and grain boundaries may  lead to
regions of increased resistance to charge transport [7,19].  In the
porous electrodes, these space charge regions are considered to
occur at interparticle contact points and near the solid-gas inter-

face [7].  Since the space charge regions are small in comparison to
the bulk ion conducting particles, they may be treated thin regions
of increased resistivity, similar to a contact resistance. As demon-
strated by Zhao and Virkar [7],  such effects may most substantially
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Fig. 1. The electrochemical fin approach focuses primarily on the active layer of the composite solid oxide fuel cell electrode, shown in relation to other cell components in
(a).  Sets of connected, ion conducting particles within the active layer of the composite electrode are simulated using an extended surface modeling approach. A periodic
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lectrochemical fin geometry composed of iterated conical segments (b) is used t
lectrode. In the two-dimensional finite element model space charge effects are sim

nfluence electrode performance at lower temperatures or for elec-
rodes composed of smaller particles, for which the space charge
egion occupies a greater portion of the particle. The accuracy of
escribing electrical potential with a cross-sectional average and
he impact of neglecting space charge regions at grain boundaries
re investigated in the present work. Surface effects, inclusive of
pace charge resistance near the solid-gas interface, are accounted
or using a charge transfer resistance term, as noted above. There-
ore, the space charge effects considered are primarily associated
ith interparticle contact points.

SOFC analyses based on extended surface models often apply
onstant cross-section equations, accounting for microstructural
haracteristics and charge transport in a single charge transfer
erm [3–6,10,11].  However, implementation of this constant cross-
ection approach tacitly neglects the role that cross-sectional area
nd its variation within the microstructure play in charge transport.
s implied by the results of Kenjo et al. [1,2] and demonstrated
y the measurements and analysis of Zhao and Virkar [7],  these
ariations in cross-sectional area, which result from interparticle
ontact geometry, can substantially affect the performance of an
lectrode. To account for this influence, a variable cross-section,

xtended surface model for electrode charge transport, outlined in
qs. (1)–(5),  has been previously developed [16]. For the case of a
ariable cross-section fin, the governing ordinary differential equa-
ion, Eq. (1),  describes the potential difference in the electrode, as
ulate these chains of connected particles that support ionic transport within the
d with a contact resistance applied at the interparticle contact boundaries.

defined by Eq. (2).  The solution of this variable cross-section form
of the governing equation is applied as the analytical model in this
work. Sintered electrode structures based on iterated units with a
truncated cone (i.e., conical frustum) geometry, shown in Fig. 1b,
are considered. The individual conical units have a general solu-
tion, shown in Eqs. (3)–(5),  that is composed of a modified Bessel
function of the first kind with order one, denoted I1, and a mod-
ified Bessel function of the second kind with order one, denoted
K1 [20]. In this general solution C1 and C2 are constants to be fixed
in the development of a particular solution for Eq. (1) through the
application of appropriate boundary conditions at the base and the
tip of the fin structure. Specific forms of these constants are pro-
vided in Appendix A for a single electrochemical fin in the shape
of a conical frustum. For periodic structures, the general solutions
for individual units are coupled in series and the constants, C1 and
C2, are determined based on appropriate boundary conditions and
constraints for current flow and potential. This treatment allows for
flexibility in defining particle geometry, since individual segment
lengths (L), base radii (rb), and tip radii (rt) can be varied along the
length of the structure.
d2ϕ

dx2
+ 1

Ac

dAc

dx

dϕ

dx
− 1

�ioRctAc

dAs

dx
ϕ = 0 (1)

ϕ(x) = Vio(x) − V0 (2)
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[r(x)] = 1√
r(x)

[C1I1(ˇ
√

r(x)) + C2K1(ˇ
√

r(x))] (3)

(x) = rb − ax (4)

 =

√
8

�ioRct

√
1 + a2

a2
(5)

Non-dimensional parameters and metrics that can be used to
escribe the microstructure and predict the performance of an
OFC electrode have been developed from this analytical model.
his development is based on four non-dimensional parameters:

 normalized potential, ϕ* = ϕ/ϕb, normalized length, x* = x/Lf, and
wo normalized area terms, As

* = As/Ac,b and Ac
* = Ac/Ac,b. Further

etails of this analysis have been provided by Nelson et al. [16].
n the present work predictions of the normalized potential and
lectrochemical fin efficiency are compared. The normalized poten-
ial measures the electrochemical activity of the fin structure, with

 zero potential difference indicating inactivity. As in thermal fin
nalysis, the efficiency, �f, is defined as the ratio of the total cur-
ent conducted by the fin, itot, to the ideal current that would be
onducted by a constant voltage fin held at a given base poten-
ial, ϕb, with a known charge transfer resistance, Rct. This metric,
efined in Eq. (6),  assesses the conductive resistance within the
icrostructure, with a reduced efficiency indicating greater ohmic

osses attributed to microstructural geometry. A similar parameter
as introduced by Costamagna et al. [3] as an effectiveness factor.

f = itot

(1/Rct)Af ϕb
(6)

.2. Finite element model

A finite element model for charge transport was  developed to
etermine the impacts of two-dimensional transport and space
harge regions within the electrochemical fin structure. The DC
lectric current application of COMSOL Multiphysics served as
he platform for this model. An axisymmetric two-dimensional
oordinate system was applied. As in the development of the
ne-dimensional analytical model, surface charge transfer was
haracterized by a resistance term, which was incorporated into a
urrent flux boundary condition. Space charge effects were approx-
mated using a contact resistance boundary condition applied at
he narrow junctions between iterated conical units, as illustrated
n Fig. 1b. This contact resistance boundary condition was set based
n a defined space charge region size and conductivity.

To confirm the validity of the contact resistance approximation
or space charge effects, charge transport within a circular geom-
try was modeled using a two-dimensional axisymmetric finite
lement model with the general geometric configuration consisting
f two circular particles in contact, as illustrated in Fig. 2a. Con-
uctivity measurements taken using a DC four probe technique
or porous ceria samples with a similar particle contact geome-
ry were used to provide a basis for comparison [7].  Since these
lectrodes investigated demonstrated a circular particle geome-
ry when observed using a scanning electron microscope, a similar
eometry was chosen for use in this validation step. Use of this
ircular geometry allows for a more direct assessment of space
harge effects within the microstructure. Effective conductivity
redictions made by Zhao and Virkar [7] using a circular geome-
ry were shown to agree well with experimentally observed trends
or the conductivity of porous doped ceria. As in the case of the

eometry illustrated in Fig. 1, space charge resistance was  modeled
sing a contact resistance boundary condition applied between the
wo circular regions. Constant voltage boundary conditions were
pplied at either end of the structure. Following Zhao and Virkar [7],
 Sources 205 (2012) 48– 56 51

surface charge transfer effects were not incorporated. Instead, ionic
conduction in the solid phase was  the focus of these validation stud-
ies. The effective conductivity of the microstructure was estimated
using Eq. (7),  where Āc represents the average cross-sectional area
of the particles in contact.

�eff = itotLf

Āc(Vt − Vb)
(7)

3. Results and discussion

The one-dimensional approach applied to modeling ionic trans-
port within the SOFC electrode microstructure has been previously
validated [16] by comparison to the experimental data of Kenjo
et al. [1].  It was shown that for geometry comparable to that shown
in Fig. 1, the impacts of microstructural geometry could be seen
in predictions of polarization resistance. Similar geometric influ-
ence is seen in electrical potential contour plots for finite element
model results for the circular particle geometry investigated in the
finite element analysis (FEA) validation studies, as shown in Fig. 2b.
Distortion of the current streamlines, shown in black, results from
constriction of current flow within the interparticle neck region.

In Fig. 2c effective conductivity predictions made with this two-
dimensional model are compared to DC conductivities measured
by Zhao and Virkar [7] for a range of temperatures and oxygen par-
tial pressures. For these studies, a particle radius of 1.25 �m was
applied, with a neck radius of approximately 0.575 �m.  The particle
size was set to approximate the geometry considered in compar-
isons to experimental results made by Zhao and Virkar. The neck
radius was  applied as a fitting parameter in the model. This value
was  set to achieve conductivities in agreement with measurements
taken near atmospheric conditions. The neck size was  constrained
to less than half of the particle size, in accordance with model limits
expressed by Zhao and Virkar [7].  The space charge region was set to
a size of 1.2 nm,  comparable to the region encompassing the space
charge layers within each particle and the grain boundary between
them. The conductivities for the bulk and space charge regions, not
considering geometric effects, were set as functions of tempera-
ture and oxygen partial pressure using correlations in the literature
[7,21]. The finite element model provides reasonable agreement
with the measurements of Zhao and Virkar taken at 600 ◦C and
800 ◦C. In both cases the model replicates trends seen in experimen-
tally measured conductivities. Discrepancies are seen in the model
predictions and experimental data for low oxygen partial pressures,
with the largest disagreement seen for 800 ◦C. These discrepancies
are best explained through the material properties applied in the
finite element model. The experimental results were obtained using
porous samples of samaria-doped ceria [7].  However, due to the
limited availability of property data in the literature, correlations
applied for estimating the bulk electron concentration and elec-
tron mobility corresponded to undoped ceria and ceria doped with
materials other than samaria, primarily gadolinia. The discrepan-
cies seen are therefore expected, particularly at low oxygen partial
pressures where the influence of electronic conduction increases,
and the trends predicted by the model agree with conductiv-
ity trends predicted by Zhao and Virkar using the same property
correlations [7].  It should be noted that a better fit to the experi-
mental data can be obtained by lowering the enthalpy of reaction
associated with oxygen vacancy incorporation. The results shown
were calculated using an oxygen vacancy incorporation reaction
enthalpy of ∼4.7 eV, which corresponds to undoped ceria, but the

addition of dopants can reduce this reaction enthalpy and lead to
the higher measured conductivity [21]. In general, the agreement
between the model and experimental results suggest that approx-
imating the space charge region with a finite contact resistance
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Fig. 2. A circular geometry (a) was used to test the approximation of space charge regions using a contact resistance applied at interparticle contact regions. The interparticle
neck  region can cause an increase in resistance related to two-dimensional charge transport effects seen in microstructural potential and current distributions (b) for the
particles analyzed. The color contours represent potential and the black lines represent current streamlines. This increased resistance lowers the effective conductivity of
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he  electrode. (c) Model predictions (lines) were found to agree well with conducti
f  the references to color in this figure legend, the reader is referred to the web  ver

rovides a sufficient description of the effects of space charge for
he microstructural geometries considered in the present work.

Parametric studies were performed to compare predictions
f the analytical and finite element models, first focusing on
wo-dimensional transport effects. Initial comparisons were made
ased on predictions of the normalized potential for electrochem-

cal fin structures of a fixed length (10 �m),  which represents a
ommon thickness of the electrochemically active region near the
lectrode/electrolyte interface in SOFCs [9,10,22]. Four cases were
ested using a conical frustum as the iterated unit. The base radius
f the conical units was set at 2 �m for all cases. Tip radii were set
t 0.75 �m and 1.75 �m to simulate microstructures that would be

onsidered poorly sintered and well sintered, respectively. Finally,
engths of 0.25 �m and 2 �m were considered for the iterated seg-

ents. This set of geometries serves as the basis for all comparisons
f the analytical and finite element models.
 trends measured using a DC four-probe method (symbols) [7]. (For interpretation
f this article.)

Results of these initial parametric studies are shown in Fig. 3 for
a well sintered geometry with a segment length of 2 �m and for
the two  poorly sintered geometries. For the finite element results
the potential corresponds to the value along the fin centerline.
The well sintered case, Fig. 3a, shows minimal influence of two-
dimensional transport, as indicated by the agreement between to
analytical and finite element solutions. This agreement was  seen
for both well sintered cases, and the cross-sectional average of the
potential, plotted along the fin structure, was found to be equal to
the centerline value in these cases. The poorly sintered predictions
of the analytical model clearly deviate from the finite element solu-
tions, as shown in Fig. 3b and c. Significant variation is seen along

the fin length for the poorly sintered geometry with a 2 �m seg-
ment length, Fig. 3b. The apparent oscillation along the fin length
can be attributed to the cross-sectional geometry influencing the
flow of current. For tapered regions near the points representing
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Fig. 3. Normalized potential distributions calculated with the 1D analytical model and 2D FEA model for electrochemical fin structures: (a) well sintered (rtip = 1.75 �m)
with  2 �m base radius and segment length (b) poorly sintered (rtip = 0.75 �m) with 2 �m base radius and segment length (c) poorly sintered (rtip = 0.75 �m) with 2 �m base
radius  and 0.25 �m segment length. The two-dimensional potential and current distributions calculated with the finite element model are shown for the (d) well sintered
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nd  (e) poorly sintered cases with a 2 �m segment length. The color contours repres
eferences to color in this figure legend, the reader is referred to the web  version of

nterparticle contacts (x* = 0.2 and 0.6), a sharp drop in the nor-
alized potential is caused by increased resistance related to the

onstriction of the current flow. The current then spreads as the
article broadens, which facilitates current flow and causes a less
ronounced potential gradient in the widest regions of the parti-
les (x* = 0.4 and 0.8). This behavior can be seen when comparing
otential and current distributions for the geometries related to
he normalized potentials plotted in Fig. 3a and b. Compared to its
ell sintered counterpart, described by Fig. 3a and d, the poorly
intered geometry, described by Fig. 3b and e, shows significant
onstriction of the current flow. However, while the exact profiles
or the analytical and finite element predictions do not coincide,
he analytical prediction for the poorly sintered case does track the
tential and the black lines represent current streamlines. (For interpretation of the
rticle.)

trend of the structure reasonably well, suggesting that the analyt-
ical approach may  provide a sufficient approximation in this case.
This agreement is not seen for the poorly sintered case shown in
Fig. 3c. Thus the analytical approach is not expected to be sufficient
in this final case.

Further comparison of the analytical and finite element models
was  made in terms of the fin efficiency. Predictions of this metric are
compared over a range electrode thicknesses in Fig. 4. The geome-
tries representing well sintered electrodes are shown in Fig. 4a, and

poorly sintered geometries are shown in Fig. 4b. As noted and fur-
ther illustrated in Fig. 4a, the one-dimensional model provides an
accurate prediction of electrode performance for well sintered elec-
trodes. For the poorly sintered cases, agreement in the predictions
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F ructures representing (a) well sintered and (b) poorly sintered geometries. Lines represent
1 edictions.
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ig. 4. Fin efficiency as function of total electrode thickness for electrochemical fin st
D  analytical model predictions and symbols represent 2D finite element model pr

s maintained for the case with a 2 �m segment length. This agree-
ent stems from the fact that the two models predict comparable

ase currents, which is instrumental in calculating the fin efficiency.
or the final case, a poorly sintered geometry with a 0.25 �m seg-
ent length, the constriction of current flow within the structure

ncreases ohmic losses significantly beyond the level accounted for
n the analytical model. In such cases the electrochemical fin model
ver predicts performance and may  not be considered as a suffi-
ient description of transport for more rigorous analyses. However,
his approach may  still be worthwhile as a basic screening tool in
uch cases. That is, a microstructural geometry found to be lack-
ng by the fin approach would not be expected to show improved
erformance when modeled in further geometric detail.

The effects of additional resistance from space charge regions
round interparticle contacts were also considered for the geomet-
ic cases analyzed above. Two sizes of the space charge regions
ere modeled in these studies: 1 nm and 10 nm.  These sizes were

elected to represent small and large space charge regions based on
izes estimated in the literature [19]. For the present studies, a con-
uctivity of 0.05 S m−1 was  applied for both of these regions. This
alue was chosen to be comparable in magnitude to space charge
onductivity noted by Zhao and Virkar for operation at 800 ◦C [7].

Analytical and finite element predictions of the fin efficiency
aken from the space charge studies for geometries based on a
.25 �m segment length are shown as a function of the resistiv-

ty ratio in Fig. 5. The resistivity ratio measures the relative size of
onic and charge transfer resistivity in the electrode and is defined
ased on the coefficient of the third term on the left-hand side of
q. (1).  Details of its derivation can be found in [16]. The 0.25 �m
egment length is considered because the influence of space charge
esistance on the structures based on a 2 �m segment length was
ound to be significantly less pronounced, a trend that agrees with
he resistivity predictions of Zhao and Virkar [7].  Specifically, as
he particle size increases the additional resistance from the space
harge region contributes less to the total resistance of the structure
ecause there are fewer space charge regions within the structure
nd their length relative to the larger particles is smaller.

Efficiency predictions for a relatively narrow 1 nm space charge
egion are shown in Fig. 5a, and predictions for a wider 10 nm

pace charge region are shown in Fig. 5b. Analytical model pre-
ictions are shown with lines and finite element predictions
re shown with symbols. Cases with and without space charge
ffects are considered for the finite element models to discern the

Fig. 5. Comparison of fin efficiency predicted as a function of resistivity ratio by
the analytical model (lines) and finite element model (symbols). Finite element
predictions include cases with and without space charge regions considered at inter-
particle contacts. Two different space charge regions width are shown (a) 1 nm and
(b) 10 nm.
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nfluence of two-dimensional transport to relative space charge
ffects. The most distinct deviation from the analytical predic-
ions is found for the poorly sintered geometries, where the finite
lement solutions predict much lower fin efficiencies. This dis-
repancy becomes more pronounced as ionic conduction begins
o dominate transport (�io/�ct > 1). This difference between the
nalytical and finite element predictions may  be attributed to
wo-dimensional transport within the structure or space charge
esistance. The relative contribution of these two effects can be
etermined by comparing finite element results with and with-
ut the space charge regions included. For the case of a relatively
arrow space charge region, efficiencies were at most ∼3% higher
hen not including space charge resistance. Thus, the primary

ource of disagreement between the analytical and finite element
pproaches is due to two-dimensional transport effects. For the
0 nm case, this discrepancy ranged from 3% to 21%, suggesting a
ore significant role for the effects of space charge regions. As seen

n the cases based on the 2 �m segment length, the reduced influ-
nce of the narrow space charge region can be attributed to the
maller length of the space charge region relative to the particle
ize.

When comparing the analytical and finite element models,
ithout consideration of space charge effects, it was found that

he merit of the electrochemical fin approach as a basic screening
ool was not compromised. A microstructure demonstrating lower
erformance as predicted analytically would still show poor perfor-
ance under more rigorous analysis. This trend is also seen when

ncorporating the effects of space charge regions on ionic trans-
ort. In general greater error was seen for geometries that would
e considered poorly sintered, and this error increased primarily for
ases exhibiting lower fin efficiencies that indicate poor electrode
erformance. This finding further confirms the capabilities of the
lectrochemical fin approach as a basic design tool in developing
ext generation SOFC electrode microstructures.

. Conclusions

An analytical model for charge transport within the SOFC elec-
rode microstructure has been developed using an approach similar
o thermal fin analysis. It has been previously demonstrated that
his model accounts for variable cross-section solid geometry
nd replicates experimentally observed behavior related to SOFC
lectrode microstructure. However, the performance impacts of
xtreme cross-sectional variation and space charge regions within
he microstructures were not addressed in detail in this model’s
evelopment. These issues have been addressed in the present
ork using a two-dimensional, axisymmetric finite element model

or the extended surface geometries that was developed to simu-
ate SOFC electrode microstructure inclusive of space charge effects
hat arise in interparticle contact regions.

Microstructural geometries simulated by periodic structures
omposed of iterated base units with a conical geometry were
nvestigated using this one-dimensional analytical model. The pre-
ictions of the one-dimensional model were compared to the
xisymmetric two-dimensional finite element model, with and
ithout space charge resistance. For most of the geometries con-

idered the electrochemical fin approach was  found to provide
n accurate prediction of electrode performance. Effects of two-
imensional transport within the structures examined were found
o influence predictions of normalized potential for cases with
arrow contact points between iterated segments, representa-

ive of a poorly sintered electrode microstructure. However, for
arger particle sizes, the analytical predictions provided a suf-
cient approximation of electrode performance in terms of the
n efficiency. This was not the case for smaller particle sizes.
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For geometries representing well sintered electrode microstruc-
tures relatively wide space charge regions were found to exert
additional influence over performance for smaller particle sizes.
Within the set of poorly sintered geometries these wider space
charge regions were found to influence performance predictions
to a greater degree.

The more rigorous modeling of transport within the electrode
microstructure revealed limitations of the analytical electrochem-
ical fin approach. A clear trend of performance over prediction by
the analytical model was  seen when examining its discrepancies
with respect to finite element model predictions. However, this
trend does not necessarily detract from the applicability of the
electrochemical fin approach as a design tool for SOFC electrodes.
Microstructures showing poor performance based on the analytical
model are not expected to show improved performance when con-
sidering the effects of two-dimensional transport or space charge
regions at interparticle contact points. Thus, application of the elec-
trochemical fin approach is warranted as a means of focusing more
detailed modeling efforts that may  be applied in the development
of novel SOFC electrode microstructures.
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Appendix A.

The particular solutions that comprise the electrochemical fin
model can be determined through the application of appropriate
boundary conditions. At the base of the fin structure (x = 0), two
types of boundary conditions are considered: (i) constant poten-
tial base (Eq. (A1)) and (ii) constant current base (Eq. (A2)). These
boundary conditions can be applied to Eq. (3) to first obtain the
constant C2. This constant is defined in Eqs. (A3) and (A4) for the
constant potential case and constant current case, respectively. For
the modified Bessel functions In and Kn the subscript denotes the
order of the function.

ϕ(0) = ϕb (A1)

dϕ

dx

∣∣∣
x=0

= − itot

Ab�io
(A2)

C2 = ϕb
√

rb − C1I1(ˇ
√

rb)
I1(ˇ

√
rb)

(A3)

C2 = −(itot/Ab�io) − C1[(a/r3/2
b

)I1(ˇ
√

rb) − (ˇa/2rb)I0(ˇ
√

rb)]

(a/r3/2
b

)K1(ˇ
√

rb) + (ˇa/2rb)K0(ˇ
√

rb)
(A4)

 ̌ =

√
8

�ioRct

√
1 + a2

a2
(A5)

With the constant C2 determined, the constant C1 can be found
using the boundary conditions at the tip of the fin structure (x = Lf).
Two  types of boundary conditions are considered in this case: (i)
insulated tip (Eq. (A6)) and (ii) active tip (Eq. (A7)). The first of these

conditions is commonly applied to account for a current collect-
ing interconnect that blocks the flow of ions. The second would
account for an electrochemically active structure connected to the
electrolyte and in contact with percolating electronic conductor
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nd pore phases. A constant potential case may  also be derived.
owever, this case would preclude blocking of ionic current at the
ell interconnect, and is therefore considered less relevant for fuel
ell electrodes.

dϕ

dx

∣∣∣
x=Lf

= 0 (A6)

−�io
dϕ

dx

∣∣∣
x=Lf

= 1
Rct

ϕ(Lf ) (A7)

Combining the constant potential base condition with the insu-
ated tip condition, the constant C1 is found to take the form of Eq.
A8). Similarly, for a constant potential base and active tip C1 takes
he form of Eq. (A9).

1 = ϕb
√

rb · [K1(ˇ
√

rt)/
√

rt + (ˇ/2)K0(ˇ
√

rt)]

I1(ˇ
√

rb) · [K1(ˇ
√

rt)/
√

rt + (ˇ/2)K0(ˇ
√

rt)]
−K1(ˇ

√
rb) · [I1(ˇ

√
rt)/

√
rt + (ˇ/2)I0(ˇ

√
rt)]

(A8)

1 = ϕb

√
rb

×

⎡
⎢⎣I1(ˇ

√
rb)−

[(rt/a�ioRct)I1(ˇ
√

rt) + I1(ˇ
√

rt)
−(ˇ

√
rt/2)I0(ˇ

√
rt)]K1(ˇ

√
rb)

(rt/a�ioRct) + K1(ˇ
√

rt) + (ˇ
√

rt/2)K0(ˇ
√

rt)

⎤
⎥⎦

−1

(A9)

For the case of a fixed current applied at the base of the structure
Eq. (A2)) the expressions for the constants are more complicated.
hus it is convenient to define several functions, Eqs. (A10)–(A13).
hese functions help simplify the expressions for C1.

1(r) = a

r3/2
I1(ˇ

√
r) − ˇa

2r
I0(ˇ

√
r) (A10)

2(r) = 1
3/2

K1(ˇ
√

r) + ˇ
K0(ˇ

√
r) (A11)
r 2r

1(r) =
[

a

r
K1(ˇ

√
r) + ˇa

2
√

r
K0(ˇ

√
r)

]
(A12)

[
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g2(r) =
[

a

r
I1(ˇ

√
r) + ˇa

2
√

r
I0(ˇ

√
r)

]
(A13)

With these functions defined, expressions for C1 can be cast for
the cases of a constant base current with an insulated tip and an
active tip. These forms of the constant C1 are given in Eqs. (A14)
and (A15), respectively.

C1 = (itot/Ab�io)f2(rt)
f1(rt) · f2(rb) − f1(rb) · f2(rt)

(A14)

C1 = (itotRct/Ab)g1(rt) + (itot/Ab�io)K1(ˇ
√

rt)
af2(rb) · [I1(ˇ

√
rt) − K1(ˇ

√
rt)]

−�ioRct[f1(rb) · g1(rt) − af2(rb) · g2(rt)]

(A15)
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